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1. INTRODUCTION
In what follows N is the set of all nonnegative integers, N U is the set of
Ž .all positive integers, and A is a prime ring with maximal right left ring of
Ž . Ž Ž .. Ž .quotients Q A respectively, Q A and Martindale extended cen-m r ml
Ž . Ž w x.  Ž . Ž .4troid C s C A see 8, Chap. 2 . Further, Q g Q A , Q A , X is anm r ml
² :infinite set, F is a subring with 1 of the field C , and F X is the free
Ž .F-algebra unity on X . Given x , x , . . . , x g X , we set1 2 m
ix s x , x , . . . , x g X ,Ž .i 1 2 i
where X i is the ith Cartesian power of X . Let x g X . We define a
² : ² : D xderivation D : F X “ F X by the rule y s d , the Kronecker delta,x x y
² : D x Uy g X . Let f g F X . We denote f by f . Finally, we denote by thex
² : Uinvolution of F X such that x s x for all x g X . Recall that the subring
ring A s AC q C : Q is called the central closure of A.c
Ž . ŽLet a g A. By deg a we shall mean the degree of a over C if a is
. Ž .algebraic over C or ‘ if a is not algebraic over C . We set
<deg A s sup deg a a g A . 4Ž . Ž .
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It follows easily from the structure theory of rings with polynomial identity
Ž . Ž .that deg A s n - ‘ if and only if A is a subring of M C , the n = nn
w xmatrix ring over the algebraic closure C of C 24, 25 . Given a, b g A, we
set
w xa, b s ab y ba and a( b s ab q ba.
Let B and D be rings. An additive map a : B “ D is said to be a Lie
Ž . w xa w a a x Ž Ž .a a a .map a Jordan map if a, b s a , b respectively, a( b s a ( b
for all a, b g B.
wThe study of Jordan maps of associative rings goes back to Ancochea 1,
x w x w x w x2 , Kaplansky 21 , Hua 18 , Jacobson and Rickart 20 . In 1956 Herstein
described surjective Jordan maps onto prime rings of characteristic not 2
w x Ž .and 3. Smiley 26 removed the restriction char A / 3. Recently, Bresar,Ï
w xMartindale, and Miers 12 described surjective additive maps onto prime
Žrings preserving nth powers under some additional assumptions on char-
. w xacteristic thus solving an old problem of Herstein 17 .
The description of Lie isomorphisms of finite dimensional simple alge-
w x w xbras has been known for a long time 23 . In 1951 Hua 19 described Lie
Ž .automorphisms of rings of n = n matrices n G 3 over division rings of
w xcharacteristic not 2. His result was generalized by Martindale 22 who
described Lie isomorphisms of prime rings of characteristic not 2 contain-
w xing nontrivial idempotents. In 1993 Bresar 9 applied functional identitiesÏ
to the study of Lie isomorphisms of prime rings A and B and described
Ž . Ž . Ž .them provided that deg A , deg B G 2 and char A / 2. He also investi-
wgated Lie triple isomorphisms of prime rings. In subsequent papers 7, 13,
x15 functional identities have been successfully applied to the description
of Lie isomorphisms of prime rings with involution.
w x Ž .In 1995 Bresar 11 investigated functional identities FI of degree 2 inÏ
w xprime rings. Simultaneously he 10 described generalized functional iden-
Ž .tities GFI of degree 2 in prime rings. Since then considerable progress
w xhas been achieved in the area of GFI and FI in prime rings 14, 4, 6, 5 .
Our goal is to prove the following result, which is a common generaliza-
tion of the aforementioned results on additive isomorphisms of prime rings
Žpreserving Jordan products respectively, nth powers, Lie products, Lie
.triple products .
THEOREM 1.1. Let A and B be prime rings with extended centroids
Ž . Ž . Ž .C A and C B , respecti¤ely. Let F be a subring with 1 of the field C A ,
Ž . ² :and let f x g F X be a nonzero multilinear polynomial, where m G 2.m
Suppose that B is an F-algebra and g : B “ A is an isomorphism of
F-modules such that
g
g g g mf b s f b , b , . . . , b for all b g B . 1Ž .Ž .Ž .m 1 2 m m
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Ž . Ž .Further, assume that char A / 2 and deg A ) 2m y 1. Then there exist
Ž .an anti -monomorphism of F-algebras b : B “ A , an additi¤e map n :c
Ž . Ž .B “ C A , and a nonzero element t g C A such that
Ž . g b Ž .a b s tb q n b for all b g B.
Ž .b If f / 0 for some 1 F i F m, then n s 0.x i
Ž . my 1c If b is a monomorphism of F-algebras, then t s 1.
Ž . Ud If b is an anti-monomorphism of F-algebras, then either f s f
and t my 1 s 1 or f U s yf and t my 1 s y1.
mŽ . Ž Ž ..e n f b s 0 for all b g B .m m
It is easy to see that any bijective additive map g : B “ A, satisfying
Ž . Ž . Ž .a ] e , satisfies 1 as well.
w xOur approach is based on results from 4, 6 . In the second section we
w xobtain a multilinear version of some results on FI from 4 . The third
section is devoted to the proof of Theorem 1.
2. FUNCTIONAL IDENTITIES IN PRIME RINGS
We now set some further notation in place. Let m g N and let F:
A m “ Q be a map. It is understood that A m s B if m F 0 and in this
case F is just a constant. Given 1 F i F m q 1, we define a map F i:
A mq 1 “ Q as
i iF a s F a , a , . . . , a s F a , . . . , a , a , . . . , aŽ . Ž .Ž .mq 1 1 2 mq1 1 iy1 iq1 mq1
mq 1Ž .for all a s a , a , . . . , a g A . Further, let 1 F i - j F m q 2.mq 1 1 2 mq1
We define maps F i j, F ji: A mq 1 “ Q setting
i j jiF a s F a s F a , . . . , a , a , . . . , a , a , . . . , aŽ .Ž . Ž .mq 2 mq1 1 iy1 iq1 jy1 jq1 mq2
mq 2for all a g A . A map F is called m-additive, if it is additive withmq 2
respect to each its argument.
U  4Let n g N , let x , x , . . . , x : X , and let k be a nonnegative1 2 n
integer with k F n. We denote by M k the set of all multilinear monomialsn
 4 n kin x , x , . . . , x of degree k and set M s D M where it is under-1 2 n n ks0 n
0  4stood that M s 1 . Let M s x x ??? x g M where u F n y k. Wen i i i n1 2 u
kŽ .  4denote by M M the set of all multilinear monomials in x , x , . . . , x _n 1 2 n
 4 Ž . nyu kŽ .x , x , . . . , x of degree k. Let M M s D M M . If N s x xi i i n ks0 n l l1 2 u 1 2
??? x g M , we setl nr
M n N s B
 4  4 rŽ .if x , x , . . . , x l x , x , . . . , x s B, i.e., if N g M M . Given ai i i l l l n1 2 u 1 2 r
map F: A nyu “ Q, we set
M MF a s F a , a , . . . , a s F a , a , . . . , aŽ . Ž .Ž .n 1 2 n j j j1 2 nyu
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n  4  4  4for all a g A , where j , j , . . . , j s 1, 2, . . . , n _ i , i , . . . , i andn 1 2 nyu 1 2 u
j - j for all t s 1, 2, . . . , n y u y 1. Clearly F M: A n “ Q. If u s 1 andt tq1
M i nŽ . Ž . Ž .M s x , then F a s F a . Given a s a , a , . . . , a g A , we seti n n n 1 2 n
M a s a a ??? a .Ž .n i i i1 2 u
w x ŽThe following result is a corollary to 6, Theorems 2.4 and 2.5 see also
w x.4, Theorems 2.4 and 2.5 .
THEOREM 2.1. Let m g N U and let E : A my 1 “ Q, i s 1, 2, . . . , m, bei
m iŽ . Ž .maps. Suppose that either deg A ) m and Ý E a a g C for allis1 m i
m m i mŽ . Ž .a g A or deg A ) m y 1 and Ý E a a s 0 for all a g A .m is1 i m i m
Then each E s 0.i
w xThe following result is a particular case of 6, Corollaries 2.9 and 2.11
Ž w x.see also 4, Theorem 1.2 .
THEOREM 2.2. Let m g N U and let E , F : A my 1 “ Q, i s 1, 2, . . . , m,i i
m i iŽ . w Ž . Ž .xbe maps. Suppose that either deg A ) m and Ý E a a q a F ais1 m i i i m
m m i iŽ . w Ž . Ž .xg C for all a g A or deg A ) m y 1 and Ý E a a q a F am is1 m i i i m
m my2s 0 for all a g A . Then there exist unique maps p : A “ Q andm i j ml
l : Amy 1 “ C such thatk
i i j iE a s a p a q l a , i s 1, 2, . . . , m ,Ž . Ž . Ž .Ýi m j i j m i m
1FjFm ,
j/i
j i j jF a s y p a a q l a , j s 1, 2, . . . , m ,Ž . Ž . Ž .Ýj m i j m i j m
1FiFm ,
i/j
m Ž .for all a g A . If all the E 's and F 's are m y 1 -additi¤e, then all the p 'sm i j i j
Ž . Ž . Žare m y 2 -additi¤e and all the l 's are m y 1 -additi¤e. It is understoodk
.that all the p 's are equal to 0 if m s 1.i j
w xWe continue with the following generalization of 4, Theorem 4.3 .
THEOREM 2.3. Let k, l, m g N U , let n g N with m s k q l q n y 1,
and let B : A my l “ Q, K g M l , L : A my degŽL. “ C , L g M , and T :K m L m M N
n k ly1Ž .A “ Q, M g M , N g M M , be maps such thatm m
K M NB a K a q M a T a N aŽ . Ž . Ž . Ž . Ž .Ý ÝK m n m M N m m
l k ly1Ž .KgM MgM , NgM Mm m m
Lq L a L a s 0 2Ž .Ž . Ž .Ý L m m
LgMm
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m Ž . Ž .for all a g A . Suppose that either deg A ) m or deg A ) m y 1 andm
L s 0. Then there exist uniquely determined maps p : A ny1 “ Q, i s1 M N i
1, 2, . . . , n, and l : A n “ C such thatM N
n
iT a s p a a q l a 3Ž .Ž . Ž . Ž .ÝM N n M N i n i M N n
is1
k ly1Ž .for all M g M , N g M M . If all the T 's are n-additi¤e, then all then m M N
Ž . Žp 's are n y 1 -additi¤e and all the l 's are n-additi¤e. It is understoodM N i M N
.that all the p 's are equal to 0 if n F 1.M N i
Ž . Ž .Proof. For definiteness we assume that deg A ) m. The case deg A
) m y 1 and L s 0 is considered analogously. We proceed by induction1
Ž .on k q l. If k q l s 2, then k s 1 s l and 2 can be written as
m
i i mD a a q a T a s yL a g C for all a g A ,Ž . Ž . Ž .Ý x m i i x , 1 m 1 m mi i
is1
where
i i L x iD a s B a q L a L aŽ . Ž . Ž . Ž .Ýx m x m L x m mi i i
Ž .LgM xim
for all i s 1, 2, . . . , m. The result now follows from Theorem 2.2.
In the inductive case k q l ) 2 we first assume that l ) 1. We now
Ž .rewrite 2 as
m
K x iB a K aŽ . Ž .Ý Ý K x m mi
ly1is1 Ž .KgM xim
M N x iq M a T a N aŽ . Ž . Ž .Ý m M , N x m mi
k ly2Ž .MgM , NgM Mxim m
L x iq L a L a a s yL a g CŽ . Ž . Ž .Ý L x m m i 1 mi
Ž .LgM xim
mfor all a g A . It follows from Theorem 2.1 thatm
K x iB a K aŽ . Ž .Ý K x m mi
ly1Ž .KgM xim
M N x iq M a T a N aŽ . Ž . Ž .Ý m M , N x m mi
k ly2Ž .MgM , NgM Mxim m
L x iq L a L a s 0Ž . Ž .Ý L x m mi
Ž .LgM xim
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mfor all a g A and i s 1, 2, . . . , m. Applying the induction assumption,m
we complete the proof of the case.
Therefore we may assume that l s 1 and so k ) 1. As above we get
Ž .from 2 that
m
i L x iB a q L a L a aŽ . Ž . Ž .Ý Ýx m L x m m ii i
is1 Ž .LgM xim
m
x Miq a M a T a s yL a g CŽ . Ž . Ž .Ý Ýi m x M , 1 m 1 mi
ky1is1 Ž .MgM xim
m my1for all a g A . It follows from Theorem 2.2 that there exist B : Am i j
m“ Q and L : A “ C such thati
i j x M iiB a a q M a T a q L a s 0Ž . Ž . Ž . Ž .Ý Ýi j m j m x M , 1 m i mi
ky11FjFm , Ž .MgM ximj/i
mfor all a g A , i s 1, 2, . . . , m. The result now follows from the inductionm
assumption.
COROLLARY 2.4. Let m g N U , let d g Q, M, N g M , M n N s B,M N m
Ž . my degŽL.deg MN s m, and let l : A “ C , L g M , be maps such thatL m
LM a d N a q l a L a s 0 4Ž .Ž . Ž . Ž . Ž .Ý Ým M N m L m m
M , Ng M , MnNsB , Lg Mm m
Ž .deg MN sm
m Ž . Ž .for all a g A . Suppose that either deg A ) m or deg A ) m y 1 andm
l s 0. Then each d g C ,1 M N
l q d s 0 for all K g M m ,ÝK M N m
M , Ng M ,m
MNsK
Ž .and l s 0 for all L g M with deg L - m.L m
Ž . Ž .Proof. For definiteness we assume that deg A s m. The case deg A
s m y 1 and l s 0 is considered analogously. We first assume that each1
d s 0 and show that each l s 0. We proceed by induction on m. TheM N L
case m s 0 is obvious. In the inductive case m ) 0, we have
m
L x mil a L a a s yl a g C for all a g A .Ž . Ž . Ž .Ý Ý L x m m i 1 m mi
is1 Ž .Lg M xim
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Applying Theorem 2.1, we get
L x mil a L a s 0 for all a g A , i s 1, 2, . . . , m ,Ž . Ž .Ý L x m m mi
Ž .Lg M xim
and so l s 0. The result now follows from the induction assumption.1
Finally, we consider the general case. Again we proceed by induction on
m. The case m s 0 is obvious. In the inductive case m ) 0, we note that if
d g C , then, replacing l with l q d , we reduce the proof toM , N M N M N M , N
the case d s 0. Therefore we may assume without loss of generalityM , N
that d g C if and only if d s 0. LetM N M N
<k s min deg N d / 0 for some M g M . 4Ž . M N m
Ž .We now rewrite 4 as
KB a K a q M a d N aŽ . Ž . Ž . Ž .Ý ÝK m m m M N m
kq1 mykKg M Mg M ,m m
kŽ .NgM Mm
Lq l a L a s 0Ž . Ž .Ý L m m
Lg Mm
mfor all a g A , where eachm
KB a s M a d N a .Ž . Ž . Ž .ÝK m m M , NK m
Ž .M , Ng M K , MnNsB ,m
Ž .deg MN smyky1
Ž .Applying Theorem 2.2 with n s 0 , we obtain that d g C for allM N
my k kŽ .M g M , N g M M , a contradiction. The proof is thereby complete.m m
We are now in a position to prove a main result of this section which is a
w x wgeneralization of 9, Theorem 1 and a multilinear version of 4, Theorem
x4.6 .
THEOREM 2.5. Let m g N U with m ) 2, let T : A 2 “ Q, and let d gM N
Ž .C , M, N g M , N n M s B, deg MN s m y 2, be constants, not all zero,m
such that
M N md M a T a N a s 0 for all a g A .Ž . Ž . Ž .Ý M N m m m m
M , Ng M , MnNsB ,m
Ž .deg MN smy2
5Ž .
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Ž .Suppose that deg A ) m y 1. Then there exist uniquely determined maps
l : A 2ydegŽL. “ C , L g M , such thatL 2
L 2T a s l a L a for all a g A . 6Ž .Ž . Ž . Ž .Ý2 L 2 2 2
Lg M2
Ž .If T is biadditi¤e, then each l is deg L -additi¤e.L
 Ž . < 4Proof. Let k s min deg N d / 0 for some M g M . We rewriteM N m
Ž .5 as
K M ND a K a q M a d T a N a s 0.Ž . Ž . Ž . Ž . Ž .Ý ÝK m m m M N m m
kq1 myky2Kg M Mg M ,m m
kŽ .NgM Mm
where each
K M NKD a s d M a T a N aŽ . Ž . Ž . Ž .ÝK m M , NK m m m
Ž .M , Ng M K , MnNsB ,m
Ž .deg MN smyky3
mfor all a g A . It now follows from Theorem 2.3 that there exist mapsm
p , p : A “ Q and m: A 2 “ Q such that1 2
T a , a s p a a q p a a q m a , a for all a , a g A. 7Ž . Ž . Ž . Ž . Ž .1 2 1 2 1 2 1 2 1 2 1 2
By left]right symmetry there exist maps q , q : A “ Q and n : A 2 “ Q1 2
such that
T a , a s a q a q a q a q n a , a for all a , a g A. 8Ž . Ž . Ž . Ž . Ž .1 2 1 1 2 2 2 1 1 2 1 2
Ž . Ž .It follows from 7 and 8 that
p a a q p a a y a q a y a q aŽ . Ž . Ž . Ž .1 2 1 2 1 2 1 1 2 2 2 1
s n a , a y m a , a g CŽ . Ž .1 2 1 2
for all a , a g A. It follows now from Theorem 2.2 that there exist1 2
constants u , u g Q and maps m , m : A “ C such that1 2 1 2
p a s au q m a and p a s au q m a for all a g AŽ . Ž . Ž . Ž .1 1 1 2 2 2
and so
T a , a s a u a q a u a q m a a q m a a q m a , a 9Ž . Ž . Ž . Ž . Ž .1 2 2 1 1 1 2 2 1 2 1 2 1 2 1 2
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Ž . Ž .for all a , a g A. Substituting 9 into 5 , we obtain1 2
M a e N aŽ . Ž .Ý m M N m
M , Ng M , MnNsB ,m
Ž . Ž . Ž .deg MN sm , deg M G1, deg N G1
Lq L a L a s 0Ž . Ž .Ý L m m
Lg M ,m
Ž .my1Gdeg L Gmy2
mfor all a g A , where the l 's are suitably chosen andm L
u d if i ) j,1 M Ne sM x , x Ni j ½ u d if i - j2 M N
Ž . Ž . Ž .for all 1 F i / j F m, M g M x x , N g M Mx x , deg MN s m y 2.m i j m i j
It follows from Corollary 2.4 that each e g C and so u , u g C.M N 1 2
Moreover, Corollary 2.4 yields that u , u , m , m , m are uniquely deter-1 2 1 2
mined. The proof is now complete.
3. PROOF OF THEOREM 1.1
Ž . ² :  4Let f x g F X be a multilinear polynomial in x , x , . . . , x : Xm 1 2 m
and let d: Q “ Q be a derivation. Assume that sd s 0 for all s g F. Then
one may easily check that
m
d df a s f a , . . . , a , a , a , . . . , aŽ . Ž .Ým 1 iy1 i iq1 m
is1
for all a g Q. In particular,m
m
w xf a , b s f a , . . . , a , a , b , a , . . . , a 10Ž .Ž . Ž .Ým 1 iy1 i iq1 m
is1
for all a g Q, b g Q.m
y1 Ž .Set a s g . It follows from 1 that
a a a a mf a s f a , a , . . . , a for all a g A . 11Ž .Ž . Ž .m 1 2 m m
2 Ž . w a a xay1We define T : A “ A by the rule T a , a s a , a for all a , a g A.1 2 1 2 1 2
Ž . Ž .Clearly T is a biadditive map. Therefore 10 and 11 imply
y1 y1aa aa a a aT u , f ¤ s u , f ¤ s u , f ¤ , . . . , ¤Ž . Ž . Ž .Ž .m m 1 m
ay1m
a a a a a as f ¤ , . . . , ¤ , u , ¤ , ¤ , . . . , ¤Ž .Ý 1 iy1 i iq1 mž /
is1
m
s f ¤ , . . . , ¤ , T u , ¤ , ¤ , . . . , ¤ 12Ž . Ž .Ž .Ý 1 iy1 i iq1 m
is1
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m Ž . Ž .for all u g A, ¤ g A . Since T u, ¤ s yT ¤ , u for all u, ¤ g A, wem
have
T f u , f ¤Ž . Ž .Ž .m m
m
s f ¤ , . . . , T f u , ¤ , . . . , ¤Ž .Ž .Ž .Ý 1 m i m
is1
m m
s f ¤ , . . . , f u , . . . , T u , ¤ , . . . , u , . . . , ¤Ž .Ž .Ý Ý Ž .1 1 j i m m
is1 js1
mfor all u , ¤ g A . Analogously we conclude thatm m
T f u , f ¤Ž . Ž .Ž .m m
m m
s f u , . . . , f ¤ , . . . , T u , ¤ , . . . , ¤ , . . . , uŽ .Ž .Ý Ý Ž .1 1 i j m m
is1 js1
and so
m m
f ¤ , . . . , f u , . . . , T u , ¤ , . . . , u , . . . , ¤Ž .Ž .Ý Ý Ž .1 1 j i m m
is1 js1
m m
y f u , . . . , f ¤ , . . . , T u , ¤ , . . . , ¤ , . . . , u s 0Ž .Ž .Ý Ý Ž .1 1 i j m m
is1 js1
mfor all u , ¤ g A . By Theorem 2.5 there exist uniquely determined mapsm m
l : A 2ydegŽL. “ C , L g M , such thatL 2
L 2T a s l a L a for all a g AŽ . Ž . Ž .Ý2 L 2 2 2
Lg M2
Ž . Ž . Ž .and each l is deg L -additive. Since T a , a s yT a , a , CorollaryL 1 2 2 1
Ž . Ž .2.4 yields that l s yl , l s yl and l a , a s yl a , ax x x x x x 1 1 2 1 2 11 2 2 1 1 2
for all a , a g A. Set l s l , m s l and t s l . Then1 2 x x x 11 2 1
w xT a , a s l a , a q m a a y m a a q t a , aŽ . Ž . Ž . Ž .1 2 1 2 2 1 1 2 1 2
for all a , a g A. 13Ž .1 2
We first claim that either t s 0 or f s 0 for all i s 1, 2, . . . , m. Indeed,x im a a a aŽ . Ž . Ž .let u g A and ¤ g A . We set ¤ s ¤ , ¤ , . . . , ¤ . By 15 and 10 wem m 1 2 m
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have
l f ¤ , u q m f ¤ u y m u f ¤ q t f ¤ , uŽ .Ž . Ž . Ž . Ž .Ž . Ž .m m m m
y1aa as f ¤ , uŽ .m
ay1m
a a a a a as f ¤ , . . . , ¤ , ¤ , u , ¤ , . . . , ¤Ž .Ý 1 iy1 i iq1 mž /
is1
m
s f ¤ , . . . , ¤ , T ¤ , u , ¤ , . . . , ¤Ž .Ž .Ý 1 iy1 i iq1 m
is1
m
s l f ¤ , u q m ¤ f ¤ , . . . , ¤ , u , ¤ , . . .Ž . Ž .Ž . Ým i 1 iy1 iq1
is1
m
y mm u f ¤ t ¤ , u f ¤ 14Ž . Ž . Ž .Ž . Ž .Ým i x mi
is1
Ž .Since deg A ) 2m y 1, Corollary 2.4 yields that m s 0 and either each
f s 0 or t s 0. Thereforex i
w xT a , a s l a , a q t a , a for all a , a g A. 15Ž . Ž . Ž .1 2 1 2 1 2 1 2
Next, we claim that l / 0. Indeed, assume by way of contradiction that
l s 0. Then
y1aa aa , a s T a , a s t a , a g C A for all a , a g A.Ž . Ž . Ž .1 2 1 2 1 2 1 2
As Aa s B, we get
ay1w xb , b g C A for all b , b g B. 16Ž . Ž .1 2 1 2
w xSince px q s x qp q p, x q , we conclude that there exist multilinearm m m
Ž . ² : w ² : ² :xpolynomials h x g F X and g g F X , F X such thatmy 1
f x s x h x q g x .Ž . Ž . Ž .m m my1 m
Clearly
f x s h x x q x , h x q g x .Ž . Ž . Ž . Ž .m my1 m m my1 m
Set
y1aat u s g u ,Ž . Ž .1 m m
y1aa at u s u , h u q t u .Ž . Ž .Ž .2 m m m 1 m
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Ž . m Ž .By 16 , t , t : A “ C A . By the above result, either each f s 0 or1 2 x i
t s 0 s t . Clearly1 2
y1aaf u s f uŽ . Ž .m m
y1aa a as u h u q g u 4Ž . Ž .m my1 m
y1aa as u h u q t u , 17 4 Ž .Ž .Ž .m my1 1 m
y1aa af u s h u u q t u 18 4 Ž .Ž . Ž .Ž .m my1 m 2 m
mfor all u g A . We now havem
f u , f ¤ , uŽ .Ž .my 1 my1 m
y1aa as f u , h ¤ u q t ¤ , u 4 Ž .Ž .ž /my 1 my1 m 2 my1 m
y1aa as t ¤ , u f u q f u , h ¤ u 4Ž . Ž . Ž .ž /2 my1 m x my1 my1 my1 mm
y1 y1a aa a a a as h ¤ u h u q t u , h ¤ u 19 4  4 Ž .Ž . Ž . Ž .ž /my 1 m my1 1 my1 my1 m
Ž . Ž .by 17 and 18 . Analogously
f ¤ , f uŽ .Ž .my 1 m
y1aa as f ¤ , u h u q t u f ¤ 4 Ž . Ž .Ž .ž /my 1 m my1 1 m x my1m
y1 y1a aa a a a as h ¤ u h u q t ¤ , u h u . 20 4  4 Ž .Ž . Ž . Ž .ž /my 1 m my1 2 my1 m my1
Ž . Ž .Subtracting 20 from 19 , we get
f u , f ¤ , u y f ¤ , f u g C AŽ .Ž . Ž .Ž . Ž .my 1 my1 m my1 m
m my1for all u g A , ¤ g A . By Corollary 2.4,m my1
f x , f y , x y f y , f x s 0 21Ž .Ž . Ž .Ž . Ž .my 1 my1 m my1 m
² :in F x , x , . . . , x , y , y , . . . , y . Since f / 0, we may assume without1 2 m 1 2 my1
loss of generality that f involves x x ??? x with a nonzero coefficient.1 2 m
Then the coefficient of
x x ??? x y y ??? y x1 2 my1 1 2 my1 m
Ž .in 21 is nonzero, a contradiction. Therefore l / 0.
Ž . Ž a a .ay1Finally, set D a , a s a ( a for all a , a g A. Clearly D is a1 2 1 2 1 2
biadditive map. It is easy to check that
w x w x w xa, b(c q b , c( a q c, a( b s 0 for all a, b , c g B.
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Therefore
a a aa a aa , D b , c q b , D c, a q c , D a, b s 0Ž . Ž . Ž .
for all a, b , c g A.
y1 Ž .Applying a to both sides of the above equation and making use of 15 ,
we obtain
a, D b , c q b , D c, a q c, D a, b g C AŽ . Ž . Ž . Ž .
for all a, b , c g A. 22Ž .
Ž .Commuting both sides of 22 with d g A, we get
d, a, D b , c q b , D c, a q c, D a, b s 0Ž . Ž . Ž .
for all a, b , c, d g A.
Ž .Since deg A ) 3, Theorem 2.5 yields that there exist uniquely determined
maps l : A 2ydegŽL. “ C , L g M , such thatL 2
L 2D a s l a L a for all a g AŽ . Ž . Ž .Ý2 L 2 2 2
Lg M2
Ž . Ž . Ž .and each l is deg L -additive. Since D a , a s D a , a , Corollary 2.4L 1 2 2 1
Ž . Ž .implies that l s l , l s l , and l a , a s l a , a for allx x x x x x 1 1 2 1 2 21 2 2 1 1 2
Ž . Ž . Ž . Ž .a , a g A. Set l s l , m a s l a , and s a s l a , a g A, a g1 2 x x x 2 1 2 21 2 1
A 2. Then
D a, b s la( b q m a b q m b a q s a, b for all a, b g A.Ž . Ž . Ž . Ž .
23Ž .
One can easily check that
w xa( b(c y a( b (c s a, c , b for all a, b , c g AŽ . Ž .
and whence
y1aa a aw xD a, D b , c y D D a, b , c s a , c , b .Ž . Ž .Ž . Ž .
Ž .On the one hand, making use of 15 , we get
y1a2 a aw x w xD a, D b , c y D D a, b , c s l a, c , b q t a , c , bŽ . Ž .Ž . Ž . Ž .
24Ž .
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Ž .for all a, b, c g A. On the other hand, 23 implies that
2D a, D b , c s l a( b(c q lm b a(c q lm c a( b q 2ls b , c aŽ . Ž . Ž . Ž . Ž .Ž .
q lm a b(c q m a m b c q m a m c bŽ . Ž . Ž . Ž . Ž .
q m a s b , c q m D b , c a q s a, D b , c ,Ž . Ž . Ž . Ž .Ž . Ž .
25Ž .
2D D a, b , c s l a( b (c q lm a b(c q lm b a(c q 2ls a, b cŽ . Ž . Ž . Ž . Ž .Ž .
q m D a, b c q lm c a( b q m c m a bŽ . Ž . Ž . Ž .Ž .
q m b m c a q m c s a, b q s D a, b , c .Ž . Ž . Ž . Ž . Ž .Ž .
26Ž .
Ž . Ž . Ž .Subtracting 26 from 25 , in view of 24 we obtain
y1a , b2 a aw x w xl a, c , b q t a , cŽ .
2 w xs l a, c , b q 2ls b , c q m D b , c y m b m c aŽ . Ž . Ž . Ž .Ž . 4
q m a m b y m D a, b y 2ls a, b c q m a s b , cŽ . Ž . Ž . Ž . Ž . Ž .Ž . 4
q s a, D b , c y m c s a, b y s D a, b , cŽ . Ž . Ž . Ž .Ž . Ž .
Ž .for all a, b, c g A. Since deg A ) 3, Corollary 2.4 yields in particular that
2 2l s l
2ls b , c q m D b , c y m b m c s 0 for all b , c g A. 27Ž . Ž . Ž . Ž . Ž .Ž .
As l / 0, we conclude that l / 0 as well. Moreover l s "l. Define a
map b : B “ A by the rulec
m bgŽ .
b gb s lb q for all b g B. 28Ž .
2
Ž .It follows from 27 that
m D b , a m a m bŽ . Ž . Ž .Ž .
s a, b s y q for all a, b g A.Ž .
2l 2l
y1 Ž .Since a s g , 23 implies that
m D a, b m a m bŽ . Ž . Ž .Ž .ga aa ( b q s la( b q m a b q m b a qŽ . Ž . Ž .
2l 2l
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for all a, b g A. Substituting ug and ¤ g for a and b, respectively, and
gŽ . Ž .setting m b s m b for all b g B, we obtain
m u(¤ m u m ¤Ž . Ž . Ž .g g g g gu(¤ q s lu (¤ q m u ¤ q m ¤ u qŽ . Ž . Ž .
2l 2l
Ž .for all u, ¤ g B. Multiplying both sides by l, we conclude from 28 that
b b bu(¤ s u (¤ for all u , ¤ g B. 29Ž . Ž .
Ž .It follows from 15 that
ga a w xa , a s l a , a q t a , a for all a , a g A. 30Ž . Ž .1 2 1 2 1 2 1 2
Substituting ug and ¤ g for a and a , respectively, u, ¤ g B, we obtain1 2
Ž .from 30 that
g g gw x w xu , ¤ s l u , ¤ q t u , ¤ for all u , ¤ g B, 31Ž . Ž .
g g g y1 bŽ . Ž . Ž . Ž .where t u, ¤ s t u , ¤ . Since b s l b y m b r2l by 28 , we ob-
Ž .tain from 31 that
b b bw x w xu , ¤ s e u , ¤ q d u , ¤ for all u , ¤ g B, 32Ž . Ž .
y1Ž . Žw x. Ž .where d u, ¤ s m u, ¤ r2 q lt u, ¤ and e s ll . Clearly e s "1.
Ž . Ž .Substituting ¤ (w for ¤ in 32 and making use of 29 , we get
b w b b x b w b b x b be ¤ ( u , w q 2d u , w ¤ q e u , ¤ (w q 2d u , ¤ wŽ . Ž .
b bb bw x w xs ¤ ( u , w q u , ¤ (w
b bbw xs u , ¤ (w s e u , ¤ (w q d u , ¤ (wŽ . Ž .
w b b b xs e u , ¤ (w q d u , ¤ (wŽ .
and so
2d u , w ¤ b q 2d u , ¤ w b y d u , ¤ (w s 0 for all u , ¤ , w g B.Ž . Ž . Ž .
33Ž .
Ž . Ž .It now follows from both 28 and 33 that
g g2ld u , w ¤ q 2ld u , ¤ wŽ . Ž .
q d u , w m ¤ q d u , ¤ m w y d u , ¤ (w s 0Ž . Ž . Ž . Ž . Ž .
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for all u, ¤ , w g B. Substituting aa, ba, and ca for u, ¤ , and w, respec-
tively, and making use of Corollary 2.4, we conclude that d s 0. Therefore
b b bw x w xu , ¤ s e u , ¤ for all u , ¤ g B 34Ž .
Ž .by 32 . It follows that
1 1 q e 1 y ebb b b b bw xu¤ s u , ¤ q u(¤ s u ¤ q ¤ u 4Ž .
2 2 2
for all u, ¤ g B. If e s 1, then b is a homomorphism of rings; otherwise it
Ž .is an anti-homomorphism of rings. We now show that ker b s 0. Indeed,
Ž .assume by way of contradiction that I s ker b / 0. Clearly I is an ideal
Ž . g Ž .of B. It follows from 28 that I : C A . Pick a , a , . . . , a g A such1 2 m
a a a gŽ . Ž . Ž .that a g I with a / 0. Then f a g I and a s a g C A .m m m m m
a gŽ . Ž .Therefore f a g C A . We now havem
gaa f a s f a s f a g C AŽ .Ž . Ž . Ž .m x m m mm
my 1 ² : Ž .for all a g A . By Corollary 2.4, f s 0 in F X and so f a s 0my 1 x mmm a Ž .for all a g A with a g I. It follows that f x is a polynomial identitym m m
w x Ž won I. Hence it is a polynomial identity of B by 3, Theorem 2 see also 8,
x.Theorem 6.4.4 . Since
ga mf a s f a s 0 for all a g A ,Ž . Ž .m m m
Ž . Ž .Corollary 2.4 implies that f x s 0, a contradiction. Thus ker b s 0.m
y1 g bŽ .Setting t s l and n s ymr2l, we obtain from 28 that b s tb q
Ž . Ž .n b for all b g B which proves a .
X b Ž . XSet A s B . Since b is an anti -monomorphism of rings, A is a
Ž a . b Ž a . Ž .prime ring. If a g A, then a s t a q ¤ a , where 0 / t g C A and
Ž a . Ž . Ž . ŽŽ a . b . X¤ a g C A . Therefore deg a s deg a for all a g A. Since A s
Ž a . b Ž . Ž X.A , we conclude that deg A s deg A . We now have
btf ¤ q n f ¤Ž . Ž .Ž .m m
g g b bs f ¤ s f ¤ s f t¤ q n ¤ , . . . , t¤ q n ¤Ž . Ž .Ž . Ž . Ž .m m 1 1 m m
m
m b myk bs t f ¤ q t n ¤ ??? n ¤ f ¤Ž . Ž .Ž . Ž .Ý Ým i i x ? ? ? x m1 k i i1 k
ks1 1Fi - ??? -i Fm1 k
35Ž .
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Xm b Ž .for all ¤ g B . Since A s B , 35 implies thatm
by1 y1b btf a q n f aŽ . Ž .ž /m m
ms t f aŽ .m
m
y1 y1my k b bq t n a ??? n a f a 36Ž .Ž .Ý Ý ž / ž /i i x ? ? ? x m1 k i i1 k
ks1 1Fi - ??? -i Fm1 k
y1X m b bŽ . Ž .for all a g A . If b is a monomorphism of rings, then f a sm m
my 1Ž . Ž .f a . In this case, Corollary 2.4 and 36 imply that in particular t s 1,m y1b mŽ Ž ..n f a s 0 for all a g A , and either each f s 0 or n s 0. If b ism m x iy1 Ub bŽ . Ž .an anti-monomorphism of rings, then f a s f a and so Corollarym m
U my1Ž . Ž . Ž . ² :2.4 and 36 yield that in particular f x s t f x in F X ,m my1b mŽ Ž ..n f a s 0 for all a g A , and either each f s 0 or n s 0. Wem m x i
conclude that t m s 1 if f U s f and t my 1 s y1 if f U s yf. The proof is
thereby complete.
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